The constitution of blood demands a yield stress fluid model, and among the available yield stress fluid models for blood flow, the Herschel-Bulkley model is preferred (because Bingham, Power-law and Newtonian models are its special cases). The Herschel-Bulkley fluid model has two parameters, namely the yield stress and the power law index. The expressions for velocity, plug flow velocity, wall shear stress, and the flux flow rate are derived. The flux is determined as a function of inlet, outlet and external pressures, yield stress, and the elastic property of the tube. Further when the power-law index = 1 and the yield stress τ 0 → 0, our results agree well with those of Rubinow and Keller [J. Theor. Biol. 35, 299 (1972)]. Furthermore, it is observed that, the yield stress and the elastic parameters ( 1 and 2 ) have strong effects on the flux of the non-Newtonian fluid flow in the elastic tube. The results obtained for the flow characteristics reveal many interesting behaviors that warrant further study on the non-Newtonian fluid flow phenomena, especially the shear-thinning phenomena. Shear thinning reduces the wall shear stress.
Introduction
In recent years, a great deal of interest in the study of the viscous flow of bio-fluids through elastic tubes because of their important applications in biology, engineering and medicine. In medicine, one of the major health hazards is atherosclerosis, which refers to the narrowing of arterial lumen i.e. the inner open space or cavity of an artery due to deposition of fatty substances. This may lead to hypertension, myocardial infraction etc., and the formation of stenosis, i.e., abnormal and unnatural growth which disturbs the normal blood flow: There is considerable evidence that hydro-dynamical factors such as wall shear stress, resistance to the flow etc. can play significant role in the development and progression of this pathological condition. Hence a detailed knowledge of the flow field in an elastic tube may help not only to understand but also to prevent the arterial diseases.
Among many discoveries in the area of fluid dynamics, the Poiseuille law is considered to be very significant as it describes the relation between the flux and the pressure gradient. According to Poiseuille's law, the flux of a viscous incompressible fluid through a rigid tube is a linear function of the pressure difference between the ends of the tube. However, in the vascular beds of mammals, the pressure flow relation is always non-linear. This non-linearity has been ascribed to the elastic nature of blood vessels and their rather large distensibility.
It has been recognized for a long time that the vascular system consists largely of a complex configuration of branched elastic tubes. Young [1] was the first among others to recognize the importance of elasticity for the pulse wave originating from the heart. Later, Rubinow and Keller [2] and others assumed that the Poiseuille law holds locally, and showed that the radius of a tube can be determined by the balance between the transmural pressure difference and the tension in the tube wall. This balance, expressed by a simple relation, provides a mechanism whereby blood vessels can adjust their size and therefore their conductance to variations in pressure. This argument is supported by Burton [3] .
The experimental investigations by physiologists such as Fry [4] , Brecher [5] , and Rodbard [6] are helpful in understanding qualitatively the venous flow to the heart and the blood flow through the pulmonary system. This understanding is based upon the analogy of the steady flow through a vascular system with the flow through an elastic tube (see for details, Guyton [7] , Brecher [8] , Banister and Torrance [9] and Permutt et al. [10] ). Such a tube is named a Starling resistor because of its introduction as a laboratory device for simulating the resistance of the vascular system (see Knowlton and Starling [11] ). The demands of physiology emphasize the need for a quantitative theory of flow through elastic tubes.
The important hydro-dynamical factor for tapered elastic tube geometry is the pressure loss which leads to the diminished blood flow through the grafts. Several authors have reported theoretical and experimental studies of the pressure flow relationship for different fluids (such as Newtonian, power-law, and Bingham) in tubes. However, it has been pointed out that in smaller blood vessels at low shear rates, the yield stress for the blood is non-zero and the blood behaves as a non-Newtonian fluid (for details see Chaturani and Ponnalagar [12] and Srivastava and Sexena [13] ). The non-Newtonian character of blood is typical in small arteries and veins (where the presence of cells induces that specific behavior). Further it is noticed that in some diseased conditions (for example, patients with severe myocardial infarction, cerebrovascular diseases with hypertension) blood exhibits non-Newtonian properties. Hence it is appropriate to model blood as a non-Newtonian fluid when it flows through narrow arteries at low shear rates. Iida [14] examined the velocity profiles in the arterioles having a diameter less than 0.1 mm and explained it fairly well by a Casson fluid model as well as by the Herschel-Bulkley model. Further Scott-Blair and Spanner [15] Therefore, to access more information about the blood flow properties and lower shear rates through narrow arteries, one has to consider the Herschel-Bulkley model, even though it is possible to model the same flow by a Casson fluid over the range where both models are valid. In view of this, Scott-Blair [16] has pointed out that the residual variation which is the sum of the squares of the deviations of the observed values of the stress from the estimated values was the lowest for Herschel-Bulkley fluid compared to the Casson fluid model; but the effort in calculations for Herschle-Bulkley fluid is more. The unsteady case of the harmonic flow simulation in two-dimensional elastic tubes was studied by Hoekstra et al. [17] . The effect of catheterization on various physiologically important flow characteristics for blood flow was studied theoretically by Sankar and Hemalatha [18] . Recently, Vajravelu et al. [19] studied the peristaltic pumping of a Herschel-Bulkley fluid in an inclined tube. Available literature on non-Newtonain fluid model namely, HerschelBulkley fluid model with low shear rates [20] [21] [22] [23] [24] [25] under different physical situations shows that not much work has been carried out with elastic tubes.
Motivated by these studies, the present authors study the flow of a Herschel-Bulkley fluid through an elastic tube. The Herschel-Bulkley fluid is a generalized model of a non-Newtonian fluid, in which the stress experienced by the fluid is related to the strain in a non-linear complicated way. This fluid model also involves the yield stress parameter along with the power-law index and exhibits the shear thinning behavior. Thus one can expect more detailed information about the blood flow characteristics. In contrast to the papers of Sankar and Hemalatha [18, 22] , in the present paper we consider the effect of the elasticity of the tube on the nonNewtonian Herschel-Bulkley fluid. Also, we bring out the salient features of these effects on the physiological organs. This may help in better understanding the role of fluid dynamical factors in the development and progression of arterial diseases. Hence, a mathematical model for Herschel-Bulkley fluid through an elastic tube with uniform cross section is considered. The physical quantities involved in the problem are written in non-dimensional forms and the expressions for flow quantities such as velocity, plug flow velocity, and flux are obtained. Finally, the effect of flux for different values of the parameters for the Herschel-Bulkley fluid is presented. Also, the results for the power-law, Newtonian, and Bingham fluid models are obtained as special cases, and the salient features of the flow phenomena are discussed.
Basic equations and the mathematical formulation
Consider the Poiseuille flow of a steady laminar incompressible Herschel-Bulkley fluid in an elastic tube (see Figure 1 ) of radius ( ) and length L. The blood is modeled as a non-Newtonian Herschel-Bulkley fluid and the flow is axisymmetric. The axisymmetric geometry facilitates the choice of the cylindrical co-ordinate system ( φ ), where and denote the radial and axial coordinates and φ is the azimuthal angle. The basic equations governing the flow are
where V is the velocity, the body force per unit mass, ρ the density, the material derivative, and σ is the Cauchy stress defined by D is the symmetric part of the velocity gradient, which is
and L = grad V . Also, − I denotes the indeterminate part of the stress due to the constraint of incompressibility; µ and η are viscosities. The momentum equation governing the flow is
where τ is the shear stress of the Herschel-Bulkley fluid and is given by
Here is the axial velocity, is the pressure, and τ 0 is the yield stress. It should be noted that when the shear stress is less than the yield stress, i.e., τ < τ 0 , there is a core region which flows as a plug and equation (8) 
Solution of the problem
To solve the equation (6) and (7) under the boundary conditions (9) and (10), we make use of the following non-
Here P = ∂ ∂ , 0 is the radius of the tube in the absence of elasticity, L is the length of the tube, U is the average velocity, and is the radius of the plug flow region. The governing equations (after dropping the bars) become
The non-dimensional boundary conditions are as follows:
τ is finite at = 0 (13a)
Solving equation (12) subject to the conditions (13), we obtain the velocity field as 
and using the condition τ = τ at = (Bird et al. [26] ) we obtain P = 2τ
Using relation (17) and taking = 0 in equation (14), we obtain the plug flow velocity as 
The above equation (19) gives the volume flux for a tube of varying radius . Using the fact that the variation occurs due to elasticity of the tube wall, we assume the Poisseuille law for Herschel-Bulkley fluid flow in an elastic tube and discuss the consequences in the next section.
Theoretical determination of flux
We now calculate theoretically the steady flux Q of an incompressible Herschel-Bulkley fluid of viscosity µ in an elastic tube (see Figure 1 ) of radius ( ) and length L. We assume that the fluid enters the tube with the pressure 1 and leaves it with lower pressure 2 , while pressure outside the tube is 0 . If z denotes the distance along the tube from the inlet end, then the pressure ( ) in the fluid at decreases from (0) = 1 to (L) = 2 . As a consequence of the pressure difference ( ) − 0 , between the inside and outside of the tube, the tube may expand or contract, and hence the shape of its cross section may deform due to the elastic property of the wall. Therefore the conductivity σ 1 of the tube at will depend on the pressure difference. We consider
as a known function of ( ) − 0 . This conductivity is assumed to be same as that of a uniform tube having the same cross section as that of at . We assume that the Q is related to the pressure gradient by the relation
where In the present case (circular cross section), the radius is a function of − 0 , that is, = ( − 0 ). Equation (22) can also be written as
Equation (23) 
Application to flow through an artery
Flow through an artery is determined by the static pressure-volume relation of a 4 cm long piece of the human external iliac artery, and converted into a tension versus length curve. Using the least squares method, Rubinow and Keller [2] gave the following equation:
where 1 = 13 and 2 = 300. By substituting (25) into (24), on simplification we obtain 
On further simplification, we get
where ( ) = 
We note that 1 and 2 are determined by solving equation (24) with = 1 and = 2 , respectively. We observe that equation (29) reduce to the corresponding results of Rubinow and Keller [2] for the flow of Newtonian fluid (when = 1 τ = 0) in an elastic tube.
Results and discussion
The objective of the present investigation is to understand the fluid mechanics of blood flow in an elastic tube, we bring out the salient features of the changes in the Poiseuille flow pattern and estimate the increase in the flow resistance in a small artery due to the presence of a catheter by modeling the Cow's blood as Herschel-Bulkley fluid. The flow is assumed to be steady, laminar, fully developed, and axially symmetric. The present study also analyzes the effects of catheterization, the non-Newtonian fluid, the elastic property of the tube, flux, and the inlet, outlet, and external pressures. The main advantage of this model is that it includes the power-law and Newtonian fluid models.
In order to assess the quantitative effects of the various parameters involved in the problem, the numerical simulations are carried out with the software 'Maple 14' for the obtained analytical expressions and are presented in From the graphical representation, it is observed that the flux Q in the case of Newtonian fluid is less than that in the Bingham fluid, and this is less than in the powerlaw and Herschel-Bulkley fluids. Also flux in all the cases (namely, Herschel-Bulkley, Power-law and Bingham models) is greater than that in the Newtonian fluid case. This is consistent with the physical situation of the yield stress and the power-law nature of the non-Newtonian fluids. The variation of flux Q with radius for non-Newtonian fluid ( = 3) is calculated for different values of yield stress τ and is depicted graphically in Figure 3 . It can be seen from Figure 3 that for a given radius and powerlaw index, the flux Q depends on yield-stress and it decreases with increasing yield stress τ. Figure 4 shows the behavior of shear thickening ( > 1) fluids on flux Q with radius . From the graphical representation we noticed that the flux Q increases as the radius increases, but decreases with increasing values of power-law index ( > 1). This behavior holds even for shear thinning fluids ( < 1); see Figure 5 . Figures 6 and 7 , depict respectively, the behaviors of the flux Q versus the radius with changes in the elastic parameters, namely, 1 and 2 .
The effect of an increase in the elastic parameter 1 is to increase the flux Q for shear thickening fluid ( > 1) when the other elastic parameter 2 is fixed. This trend is true with the other elastic parameter, namely 2 . This is shown graphically in Figure 7 the behavior when we fix the outlet pressure ( 2 − 0 ) and vary the inlet pressure (see Figure 9 ). This is consistent with the physical situation. The velocity profiles with yield stress variations τ 0 for inlet and the outlet of the tube are respectively shown in the Figures 10 and 11 . The plug flow radius depends on τ 0 and it increases with increasing yield stress. The velocity decreases with an increase in the value of τ 0 in the plug flow region. This phenomenon holds even in the non-plug flow region.
Conclusions
The present study deals with the Poiseuille flow of a non-Newtonian fluid with non-zero yield stress, namely Herschel-Bulkley fluid, to study the changes in the blood flow pattern when a catheter is inserted into an elastic tube. Blood is modeled as a Herschel-Bulkley fluid. This fluid model considers the yield stress parameter along with power law index, thus explaining the shear thinning behavior and giving information about the blood flow characteristics. The results are analyzed for different values of the pertinent parameters namely, yield stress, catheter's radius, and the elasticity of the tube wall. 
